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Mathematical Morphology
second part: 3D



Extension to Grayscale Image

 A 2D grayscale image is treated as a 3D solid in space – a 

landscape – whose height above the surface at a point is 

proportional to the brightness of the corresponding pixel.
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Representation of Grayscale Images

image landscape



Support of an Image
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Umbra
 This part of mathematical morphology is an extension to 

multidimensional ‘images’ in particular to grey level and color images

 A  En, FEn-1 (support of A), xF (support element), yE (intensity)

 Top of a set A (for n=2):

T[A](x) = max { y | (x, y)  A }

 Umbra of f:

U[f] = { (x, y)  A | y  f(x) }

Set A Top of A Umbra of A

y y y
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Umbra - Proprieties

 T[A]  A  U[A]  En

 U[U[A]]  U[ A]
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Dilation for grey level images

 F,KEn-1

 The dilation of image f and structural element k can 
be defined as:
f k = T{U[f]U[k]}

 Tends to brighten the image, remove dark regions
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Dilation - Example 

f U[f]U[k]

U[f]U[k] fk = T[U[f]U[k]]

k



Dilation - Example 

 Structuring element: “flat-top”, a parallelepiped with unit height and 

size 5x5 pixels
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Grey scale erosion

 F,KEn-1 

 The erosion of image f and structural element k can 

be defined as: 

fk = T{U[f]U[k]}

 Tends to darken the image, remove bright regions

 From the computational view point this operation is 

equivalent to a convolution



11

Erosion - Example

U[f]U[k] T{U[f]U[k]}

f U[f]

U[k]
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Erosion - Example 

 Structuring element: “flat-top”, a parallelepiped with unit height and 

size 5x5 pixels



Opening and Closing
 Opening and closing of an image f(x,y) by a structuring

element b(x,y) have the same form as their binary counterpart:

 Geometric interpretation:

 View the image as a 3-D surface map, and suppose we have a 

spherical structuring element. 

 Opening: roll the sphere against the underside of the surface, and take 

the highest points reached by any part of the sphere. Opening suppresses 

bright details smaller than the specified SE.

 Closing: roll the sphere on top of the surface, and take the lowest points

reached by any part of the sphere. Closing suppresses dark details 

smaller than the specified SE.

 Opening and closing are used often in combination as 

morphological filters for image smoothing and noise removal.
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Gonzales-Woods
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Opening - Example 

U[k]

U[A] U[k]

kA 

A A



Opening - Example 
 Structuring element: “flat-top”, a parallelepiped with unit height and 

size 5x5 pixels

 Note the decreased size of the small bright details with no 

appreciable effect on the darker details
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Closing - Example

U[k]

U[A] U[A]U[k] [U[A]U[k]]

kA



Closing - Example 
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 Structuring element: “flat-top”, a parallelepiped with unit height and 

size 5x5 pixels

 Note the decreased size of the small darker details with no 

appreciable effect on the bright details



Morphological smoothing - Example 

 Opening followed by closing 

 Structuring element: “flat-top”, a parallelepiped with unit height and 

size 5x5 pixels

19



Morphological gradient - Example 

 Difference between dilation and erosion 

 Structuring element: “flat-top”, a parallelepiped with unit height and size 

5x5 pixels

 The edges are enhanced and the contribution of the homogeneous areas 

are suppressed, thus producing a “derivative-like” (gradient) effect.
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Top-hat transformation - Example 

 Difference between original and opening

 Structuring element: “flat-top”, a parallelepiped with unit height and 

size 5x5 pixels
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Opening vs Closing on Gray Value Images

 Disk with radius 3 as structure 

element 

 Opening: all the thin white 

bands have disappeared, only 

the broad one remains

 Closing: all the valleys where 

the structure element does 

not fit have been filled, only 

the three broad black bands 

remain
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Opening vs Closing on Gray Value Images

 5x5 square structuring element
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Opening vs Closing on Gray Value Images

 5x5 square structuring element
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Morphological Smoothing: opening and closing

original

SE radius 3 SE radius 5

SE radius 1

Cignus Loop supernova, taken by X-ray band by NASA Hubble Telescope

Gonzales-Woods
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Morphological Gradient

Gonzales-Woods
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Top-hat and Bottom-hat Transformations

 The top-hat transformation of a grayscale image f is 

defined as f minus its opening:

 The bottom-hat transformation of a grayscale image f is 

defined as its closing minus f:

 One of the principal applications of these 

transformations is in removing objects from an image by 

using structuring element in the opening or closing 

operation 

( ) ( )hatT f f f b 

( ) ( )hatB f f b f  
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Example of Using Top-hat Transformation in 

Segmentation

Gonzales-Woods



Summary 

 X’s indicate 

«don’t care» 

values
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Summary

Gonzales-Woods
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Summary

Gonzales-Woods



35

Summary
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Summary
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